Meson exchange between initial and final state and the R D ratio in theB → Dνℓ(ν τ τ ) reactions We perform a calculation of the strong interaction effects between the B and D mesons in thē B → Dνℓ reaction, as a crossing process of reactions with BD in the final state, where the strong interaction between the mesons leads to a bound BD state. We find corrections to the tree level amplitude of the order of 15 − 25%. We further see the effect of the corrections studied in the RD ratio for the rates ofB → Dντ τ andB → Dνeℓ decays and find corrections of the order of 10%. Given the claims of 1.5% precision in this ratio from fits to data within the standard model, any theoretical model aiming at describing this ratio within the same precision must take into account the corrections described in the present work.
I. INTRODUCTION
Different experiments [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] have reported values for the semileptonic B decay ratios
(with ℓ = e or µ) , (1) which exceed the values provided by the Standard Model (SM). The amount of theoretical works offering plausible solutions to this puzzle with different extensions of the Standard Model is huge and we refer the reader to recent reviews on this topic [12] [13] [14] .
In between the recent Belle data [15] have reduced the value of R D such that the discrepancies with the SM are significantly reduced. Following Ref. [13] , the Heavy Flavor Averaging Group (HFLAV) values for 2018 and 2019, the latter one including the recent Belle data, are given in Table I , which also shows the SM value for reference. (19) We can observe that the new HFLAV2019 values are already compatible with the SM predictions within errors. The new Belle alone data are [15] R Belle D = 0.307 ± 0.037 ± 0.016 ,
even closer to the SM value.
In the SM, one writes the weak transition amplitudes in terms of form factors, which are conveniently parameterized [16] [17] [18] [19] [20] . Input from lattice QCD calculation [21, 22] is also often used [13] . In [23] heavy quark effective theory (HQET) [24, 25] is used, with corrections of order , following [14] , and the free parameters are fitted to data. Within this approach the value of R D = 0.300
+0.005
−0.004 is reported, with errors smaller than the average in Table I and a value of R D very close to the new Belle data of Eq. (2) . Similarly, in [26] a parameterization to data using form factors inspired on the Muskhelishvili-Omnès (MO) dispersion relation is done and the value R D = 0.301(5) is reported.
While it is unclear which effects from strong interaction are accounted for in parameterized form factors, it is our purpose here to perform explicitly one source of strong corrections, directly related to the final state interaction in semileptonic decays of heavy mesons, which leads to the formation of hadronic resonances in some cases, and are not part of the usual effects considered in some form factor evaluations, in particular quark models.
In [27] theB s andB 0 semileptonic decays into the D * s0 (2317) and D * 0 (2400), respectively, are studied from this perspective. TheB s decays toνℓ and a cs pair. After hadronization, generating aqq pair with the quantum numbers of the vacuum, a DK or D s η pair is created, and these coupled channels interact strongly (final state interaction) to produce the D * s0 (2317) [28] [29] [30] [31] . Similarly, thē B 0 decays primarily into cū, which after hadronization produces the
, which undergo final state interaction to produce the D * 0 (2400) resonance [28] [29] [30] [31] . Along similar lines, the D s and D mesons are studied in [32] and their semileptonic decay leads to ππ, πη,πK, KK final states, that upon interaction in coupled channels gives rise to the f 0 (500), f 0 (980) and a 0 (980) and K * 0 (800) resonances. These resonances are generated dynamically from the interac-tion of these channels, which is most effectively handled within the chiral unitary approach [33] [34] [35] [36] . Similarly, the Λ b →νℓΛ c (2595) and Λ b →νℓΛ c (2625) reactions are investigated in [37] from the perspective that the Λ c (2595) and Λ c (2625) resonances are dynamically generated from the interactions of pseudoscalar-baryon and vector-baryon components [38] . Along the same lines the Ξ ) are generated dynamically from the pseudoscalar-baryon and vector-baryon interactions [40] . Another example of work along these lines is the semileptonic decay of B − c into the resonances X(3930), X(3940) and X(4160) [41] , which according to [42] are dynamically generated from the vector-vector interaction in the charmed sector.
In the light sector the main interaction between mesons, or mesons and baryons stems from the chiral Lagrangians [43] [44] [45] [46] , and the chiral unitary approach provides an extension to higher energies of chiral perturbation theory using unitarity in coupled channels and matching the results of chiral perturbation theory at low energies. Yet, when going to the charmed or bottom sectors one can no longer rely upon chiral symmetry and one exploits an equivalent approach which allows for an extrapolation. Indeed, as shown in [47] , the chiral Lagrangians can be equally obtained from the local hidden gauge approach that generates the interaction from the exchange of vector mesons [48] [49] [50] [51] . This can be extended to the heavy quark sector, because the biggest terms of the interaction come from the exchange of light vectors, where the heavy quarks are spectators, and the rules of heavy quark symmetry [24, 25] are automatically fulfilled. Detailed description of the procedure used can be seen in [52, 53] . When pseudoscalar and vector mesons are mixed, as we shall also do here, then pseudoscalar exchange is also required in the transition matrix elements and we shall follow the steps of [54] .
TheB → Dνℓ transition would correspond to the crossing process of the former reactions, where instead of having W → BD we haveB → DW . The final state interaction of BD is relatively strong, and it was found in [53] using the extension of the local hidden gauge approach discussed above, that the BD interaction leads to a bound state with binding of 15 − 38 MeV. This should have some repercussion in theB → Dνℓ reaction which is the purpose of our investigation here.
The idea of using crossing symmetry to evaluate form factors of the weak interaction has been used in the light sector [55] and the form factors are evaluated using the MO approach relating the form factors to the mesonmeson scattering phase shifts [56, 57] . These ideas have been extended to the heavy-light decays, as the semileptonic, B → π, B s → K, D → π, D →K, where some information on scattering can be obtained with a mixture of chiral symmetry and heavy quark symmetry in [58] , and previously in [59, 60] . In [59, 60] the form factors are evaluated by means of a quark model with extensions based on the MO approach. When it comes to doubly heavy mesons, as in thē B → Dνℓ decay, the information on the BD interaction is far less known than in the heavy-light sector and the MO approach is less predictive. Yet, it is still possible to use the MO formalism and parameterize the unknown information in terms of a few parameters which are adjusted to data. This is the procedure used in [26] to evaluate the form factors. It is also interesting to mention that BD phase shifts induced in the analysis of [16] hint to the possible existence of a BD bound state.
Our aim is to use the theoretical tools employed in the study of the BD interaction in [53] and use them in thē B → Dνℓ reaction, both for lightνℓ andν τ τ , in order to see the effects of this interaction in the R D ratio.
II. FORMALISM
In this section we connect with the formalism of [61] and of [16] for theB →νℓD, which are compared in [62] . In [61] , a good approximation was found that related the differentB ( * ) →νℓD ( * ) processes which we shall find here. To see which process we shall need to consider, let us first proceed to pin down the diagrams that will be needed to account for the BD interaction.
A. Crossing process accounting for the BD interaction
Le us imagine we have a process depicted in Fig 1(a) where a W produces a BD state. Following [53] , the BD state will interact by exchanging mesons, and in the intermediate states one can have other meson pairs that couple to BD, essentially, B s D s , although its relevance is diminished by the large energy gap with BD. The exchange of the vector mesons is the essential ingredient in [53] . Actually, we could mix channels, BD → B * D * , via pion exchange, which repercute in the BD interaction via BD → B * D * → BD, but this was justified to produce small effects in [53] and indeed in [63] no bound BD state was found with pion exchange.
The crossing process to state, in Fig. 2 one is very far from this situation and we shall see that the strong interaction corrections are small effects, which justifies that we stop at the one meson exchange level. Taking into account the coupled channels that we have, the relevant diagrams that originate from this strong interaction are given in Fig. 3 .
In diagrams (a)(b)(c) of Fig. 3 pseudoscalar meson exchange is not allowed. In diagram (d) η exchange would also be allowed but is suppressed by the large mass of the η. One can also exchange vector mesons in diagrams (d), (e), (f), but this involves anomalous vector-vectorpseudoscalar (VVP) couplings and these terms are suppressed [64] . In any case, we will find out that the terms with vector meson intermediate states give a very small correction, consistently with the findings from different works mentioned above.
We need two ingredients in the theory: The vectorpseudoscalar-pseudoscalar (V P P ) couplings and thē B → Dνℓ,B * → D * ν ℓ transitions. Let us first face the first issue.
B. The vector-pseudoscalar-pseudoscalar couplings
In SU(3) the V P P Lagrangian is given by
where stands for the trace and P and V µ are the ordinary SU(3) matrices for pseudoscalar mesons and vector mesons, respectively. The coupling g is given by
with m V ≃ 800 MeV, a vector meson mass, and f = 93 MeV the pion decay constant. Since in Fig. (3) we exchange light mesons, the heavy quarks of the B or D mesons act as spectators and we can get the couplings making a mapping from the SU(3) space. In practice it is shown in [53] that the matrix elements needed in these diagrams are easily obtained using the flavor wave functions for the mesons, and equivalently by using the same Lagrangian of Eq. (3) in its SU(4) extension, using for P and V thematrix elements in the meson basis. 
For the DDV vertices we use
For the BBV vertices we use
Then we obtain a transition t matrix for the DDV vertices
with ǫ µ the vector polarization and the C i coefficients given in Table II . For the BBV vertices we get
with C i given in Table III . For the D * DP vertices we obtain
with C i given in Table IV . For the B * BP vertices we obtain
with the C i coefficients given in Table V . 
In [61] , a formalism is developed that evaluates explicitly the weak matrix elements for the different B ( * ) → D ( * )ν e transitions, relating all of them. The contributions for the different third components of the B * and D * are explicitly evaluated. The weak Hamiltonian, up to a global normalization which is not needed in ratios of widths, is given by
with C a constant, and L α the leptonic current 
and Q α the quark current
In [61] the evaluation of the matrix elements is done in theνℓ rest frame where p B = p D = p with p given by
(νℓ) inv (12) with m in , m fin the initial and final meson masses and M (νℓ) inv the invariant mass of theνℓ pair. The quark spinors are written in terms of the momenta of the mesons, rather than the quarks, using the relationship for the four-momenta of the quarks, b, c and the
This relationship was shown in [62] to be rather accurate, and it is strictly exact in the limit of infinity heavy quark mass. It is not surprising that the final expressions fulfill the heavy quark limit of infinite mass that allows one to relate the amplitudes to the universal Isgur-Wise function [65, 66] . One has there
where
and
In [61] respect these properties and provide an explicit quantity for the ξ(ω) function.
In the formalism of [61] , by using the expression of Eq. (11), one writes the spinors as 
with p i ≡ P i of Eq. (14), where the index ν in Eq. (20) 
In [61] one also finds the expressions for Q α for the case of B → D * ν ℓ and B * → D * ν ℓ. One can also write Q α in terms of h + , taking into account the Isgur-Wise scaling for heavy quarks, which is given in [62] for B → D * ν ℓ. For B * → D * ν ℓ one can also write an expression as in Eq. (14) and one finds
with ǫ 0123 = 1, with h + given by Eq. (21) If we look at diagram (a) of Fig. 3 and Eqs. (5), (6), we find a vertex contribution of the type
1 We thank Juan Nieves for providing us the formula that we have checked against the expressions of [62] .
On the other hand for the evaluation of the loop function we shall only consider the positive energy part of the propagator for the heavy B and D mesons, that is, the first term of the decomposition
with ω(p) = p 2 + m 2 . Thus, we have the integral
with
where for the light vector we keep the two terms. Note that P = P ′ in theνe rest frame where we work. One can immediately see that using Cauchy's integration the negative energy term of the vector propagator does not give a contribution and we readily find
and the iǫ can be removed since these denominators cannot vanish. While the particles in the loop cannot be simultaneously placed on shell, we see, however, that in the Cauchy integral we evaluate the residue of the pole of q 0 = ω = q 2 + m 2 V . For practical purposes, the vector meson has on shell kinematics and then q µ ǫ µ ≡ 0 which allows to write the vertex combination of Eq. (23) as
which has to be placed inside the integrand of Eq. (25) . In addition we have to place the Q 0 , Q ν matrix elements of Eqs. (19) (20) inside the integral, evaluated for the loop momenta. Hence,
where A, A ′ , B, B ′ are new functions of ( P − q) 2 , and we have taken into account that
with f ( p, q) a scalar function. Hence we can see that the integral of N i is proportional to P which we have taken in the z direction in the tree level contribution to Q α , Eq. (20) . With all these ingredients it becomes straightforward to write to corrections to M 0 and N i ≡ N 3 as
where 1 and 2 in the parenthesis refer to the first and second diagrams of the first line in Fig. 3 . For the third diagram T 0 (3), we have the same expression changing 2g 2 → g 2 and m 2 ρ → m 2 K * and the masses of the intermediate B, D states to those ofB s and D s . Next we take into account that for P = 0, corresponding to M (νℓ) inv maximum, ω = 1, the Isgur-Wise function has a fixed value, thus, we make subtractions to our evaluated amplitudes to respect this fixed value. We definẽ
where the subindex P stands for the intermediate pseudoscalars contributions. Then define the ratios R 0
The ratios give the relative change with respect to the tree level in the M 0 and N i amplitude of Eqs. (19) (20). We proceed to evaluate the last three diagrams of Fig. 3 . From the structure of the Q µ matrix element in Eq. (22), we shall have three terms (the ǫ µναβ term does not contribute when summing over the B * , D * polarization in the diagrams). We use real polarization vectors and have
and we obtain
. (38) 2) Similarly we can proceed with the second term of Eq. (22) and find
3) We proceed equally with the third term of Eq. (22) and find
One can further recall that in the q 0 integration in the loop function of Eq. (25), q 0 becomes q 2 + m 2 ρ with m ρ the mass of the pseudoscalar meson exchanged, and thus q 2 → m 2 ρ . We can further evaluate t µ j for µ = 0 , µ = i explicitly and we find the terms,
where P = (P 0 , P ), P ′ = (P ′0 , P ). It is worth noting that, in spite of the apparent extra two powers in q from Eqs. (36) (37) Together with the integral of Eq. (26) we obtain the terms contributing to the corrections to M 0 and N 3 , t 0 and t 3 as
has the same expression but 3 2 g 2 → g 2 and m π → m K . And we must take into account that, A, A ′ , B, B ′ are now functions of ( P − q) 2 . Similarly
T 3 V (3) has the same expression but changing 
and define the functionsT
, as in Eqs. (34) subtracting the values at P = 0 of the terms of Eq. (49) . After that, the relative changes for M 0 and N 3 of the tree level contributions of Eqs. (19) (20) are given respectively by
Finally, let us see how the changes obtained influence theνℓ invariant mass distribution dΓ/dM (νℓ) inv . In [61] the differential invariant mass distribution was found as dΓ
In Eq. (53), the first term comes from M 2 0 and the second term from (N 3 ) 2 . It is then clear how this is renormalized now. Eq. (52) is the same but |t| 2 is changed to
III. RESULTS
In the first place we should stress that what we have calculated is a part of the form factor and other ingredients would complement what we have done. Indeed, if we look at Fig. 1 , we would also get a contribution to the form factor from the tree level of Fig. 1(a) which is factorized in all the terms (b), (c), · · · . The global amplitude is then given, for instance with one intermediate channel, by
Similarly, in the diagram of Fig. 2 , and concretely in the one of Fig. 2(b) we have the form factor of the W BD vertex as a function of M inv (νℓ). In the picture of [61] it is included in the expression of M 0 in Eq. (19) which depends on p, given in Eq. (12) as a function of M inv (νℓ). As shown in [62] , this falls short of the structure of the empirical f + (ω) form factor because the form factor coming from the intrinsic quark wave functions of the mesons is not implemented. This means that to complete a microscopical picture of the form factor to be compared with the empirical one [16] one should perform a quark model calculation of these intrinsic form factors, as done in [59] . Conversely, we could say that a quark model calculation of the form factor should be complemented with our contribution.
This said, let us show our results. In Fig. 4 we show the results for R In Fig. 5 we show the same results for the reaction B → Dν τ τ . The results are similar although the range of M inv (νℓ) is now more restricted.
In Fig. 6 we show dΓ dMinv(νℓ) for the case ofνℓ production. In Fig. 7 we show the same results as in Fig. 6 but forB → Dν τ τ reaction.
We can see that the implementation of the corrections evaluated here have a relevance in dΓ dMinv(νℓ) and produce corrections of relative importance. In Fig. 6 the correction implemented by the factor (1 + R
2 is not seen. This is because this term multiplies the factor in Eq. (53) that is proportional to m 2 ℓ . However, the correction is visible in Fig. 7 for the case ofν τ τ production.
Finally, we would like to see which is the effect of the corrections done in the ratio R D of Eq. (1). We show the branching ratios R D for different values of q max in Table  VI .
In Table VI forB → Dνℓ with and without the corrections done here; line a represents tree level; line b with a factor of (1+R
2 ; line c with a factor of (1+R tree level. This is a bit short of the SM value R D ≃ 0.30 quoted in the Introduction, but a fair result considering that it is a pure theoretical result with no free parameters and no fit to data. Taking q max ≃ 700 MeV, close to values used in [53, 67] , we have R D ≃ 0.204. What the results of Table VI tell us is that the corrections that we have studied here are responsible for a 10% change of this ratio. This is a moderate effect, which however gains more strength when it is weighed with respect to the 1.5% error claimed in the SM results in the analyses of [23] and [26] . This means that in a theoretical evaluation aiming at such a precision, the consideration of the effects evaluated here is a must.
IV. CONCLUSIONS
We have performed a theoretical calculation of the strong interaction corrections between the initial and final meson in theB → Dνℓ decay. This is the analog of the final state interaction in processes where a BD pair is produced at the end. The existence of calculations in which the strong interaction between B and D leads to a bound state indicates that the same interaction in the crossed channelB → Dνℓ should be also relevant. We have performed this evaluation using the same ingredients as those used to bind the BD states and we obtain corrections to the tree levelB → Dνℓ amplitudes of the order of 15 − 25%, which are relevant in a theoretical calculation. We also explain that the full theoretical evaluation of the form factor in theB → Dνℓ reaction would require the calculation of the B → D transitions using quark wave functions for the meson states in addition to the strong interaction corrections evaluated here.
We used the results obtained here to see the effects of these strong corrections in the R D ratio forν τ τ andνℓ production and we found effects of the order of 10%. This means that if one wishes to do a theoretical calculation of this ratio with the precision of 1.5% claimed in fits to data within the Standard Model, the effects studied here must be necessarily considered.
